The behavior of the scattering amplitude, in-the vicinity of a physical Landau singularity is considered.
I. INTRODUCTION
Among the various properties of scattering amplitudes, one of the best known and most useful is the behavior in the neighborhood of single particle exchange poles. It is known that if the n external legs of a given amplitude be divided into two disjoint subsets, (1,a.a ,r) and (r+l;.a. ,n), and if the total quantum numbers of each subset allow for the exchange of a known physical particle of mass M, and if we let r .
n .
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Then we find:
1. The amplitude has a pole at points satisfying P2 = M2.
2. The four momentum of the corresponding exchanged particle is P . P 3. In the immediate vicinity of the pole, if the exchanged particle has spin 0, the amplitude may be written in the form:
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(pJ$+l'"' ,Pn) on + other nonsingular terms, ' where A(l) and A(2) are the amplitudes for the two independent scattering processes connected by the exchanged particle.
If the exchanged particle has spin In space-time this represents the possibility of the overall scattering taking place in two far separated clusters, one in the forward light cone of the other, with a physical particle on its mass shell being emitted by the earlier cluster and absorbed by the later cluster. 1
It is well known that scattering amplitudes also posses singularities corresponding to more complicated types of particle exchanges. These are called
Landau singularities and their location is given by the Landau equations. Each
Landau singularity (i. e. , each type of particle exchange) may be represented by a graph in a standard way. 2
We regard a reduced graph of a given graph as a distinct graph, representing a distinct type of particle exchange. We shall be interested only in physical region Landau singularities, i. e. , only Landau singularities which correspond to real physical space-time processes. 3 One may then ask the question--how much of properties 1 through 3 for single particle exchanges may be generalized to arbitrary physical region j=l;*** ,ri be the four momentum of the j'th external line which-enters at the iYh vertex.
Finally, let Qi, i=l,***, m, be the four momentum of the i'th internal line and let r. In what follows we shall prove that:
1. There always exists a finite polynomial in the scalar products of the K i such that z(Ki* Kj) = 0 gives the location of the Landau singularity. , Pn in the immediate vicinity of the given Landau singularity, the scattering amplitude may be written in the form:
where A(l) through A(p) are the scattering amplitudes for the p independent scattering processes taking place at each vertex, and $ is determined only by the type of Landau singularity (triangle, square, acnode , etc. ) and the type (mass and spin) if each internal particle. 6 is analytic in the immediate vicinity of the given Landau singularity, and singular on it. The Q(i jj , are the uniquely determined internal momenta given by 2.
In order that 1 and 2 may hold only one restriction need be observed:
all internal lines must have non-zero mass. If property 3 is to hold we must further require that the given Landau singularity point does not also lie on the Landau curve of another graph, of which the given graph is a contraction.
This excludes mainly normal threshold singularities and isolated points where a given Landau singularity curve touches one of its reduced graph singularity 4 curves.
Property 2 is really a theorem in classical mechanics. It says, for example, that if we fire three relativistic billiard balls at each other, and the lightest of the three balls bounces back and forth 13 times between the two heavier ones and goes off, then given only the initial and final momenta of the three balls, we can uniquely reconstruct the momenta of each of the three balls at any time during the scattering. It is assumed that the distance between collisions is large compared to the radius of the billard balls.
Given property 2, it is not surprising that property 3 holds. The total amplitude for a given process with specified initial and final states, is a sum There is a theorem in algebra which states that given any m homogeneous polynomials, gi(oi * * l * on), in m unknowns, there exists a unique minimal homogeneous polynomial in the coefficients, Z'((Ki* Kj, Mf ), called the resultant, such that 9%0 is a necessary and sufficient condition for the existence of a solution to the system of equations .9Yl=0, * * l l , pm=0 distinct from the trivial solution ((~~'0, * l l * , om=O). 8 Further, this polynomial may be explicitly written down T the general case as the quotient of two determinants. 9
Note that in particular, when we have m homogeneous linear polynomials in m unknowns, the resultant becomes just the usual determinant. Clearly B((Ki'Kj), Mf ) is the desired polynomial in the external momenta whose vanishing gives a necessary and sufficient condition for a Landau singularity.
Note thatZ=O gives unphysical as well as physical Landau singularities.
This establishes property 1. This method offers an algebraic alternative to the usual geometric dual diagram method, initiated by Landau, for finding the location of singularities.
Proof of Property 2
By conservation of four momentum at the vertices, the m internal line conditions may be written as Qi 2 =$ , where
and E ij = -1, 0, +1.
Consider the problem of locating an extremum of Qt , satisfying subsidiary conditions . Q;=M;, i=2,3;** ,m, 
From (7), (8) and (9) This establishes property 2 except for the possibility that there may be a finite number (>l) of maxima. That is not the case may be seen as follows.
Assume there were two distinct positive 01 solutions to Landau's equation for a given Landau graph, and given external four momenta.
Then coziQi = c ziGi = 0 around each closed with (as in equation (2) 
Here, for j=l,.**,m, Qj =Q.(K ;*.,Kp, Rl;*'*,RQ), and for J 1 Qj=Qj(Kl,*** ,$; Rl**.EQ), j=l;.* ,111. Clearly the first factor on the right side of (15) is just equal to the algebraic product of the independent Feynman graph contributions to the cluster amplitudes at each vertex, times a factor of ($ +M1)
for each intermediate spin l (17) we have explicitly constructed the function Cp which appears in equation (1) 
